In this paper we have examined the validity of the generalized second law of thermodynamics (GSLT) in an expanding FRW universe filled with different variants of Chaplygin gases. Assuming that the universe is a closed system bounded by the cosmological horizon, we first present the general prescription for the rate of change of total entropy on the boundary surface. In the subsequent part we have analyzed the validity of the generalised second law of thermodynamics for different Chaplygin gas models of the universe. We have found that the validity of GSLT on the cosmological event horizon of these models depend on the choice of free parameters in the respective models.
I. INTRODUCTION
By now it is well-known that thermodynamics plays a very crucial role both in cosmological analyses as well as in the General Theory of Relativity. The semi-classical description of black hole physics tells us that a black hole emits thermal radiation and behaves like a black body. This led to the successful description of a black hole as a thermodynamic system [1] . The introduction of the Bekenstein-Hawking entropy on the black hole event horizon yielded the complete development of the laws of black hole thermodynamics. Bekenstein had to assign an entropy function to a black hole in order to save the second law of thermodynamics (SLT) from becoming erroneous on the black hole horizon [2] . The temperature and the entropy of the black hole are proportional to the surface gravity at the horizon and the area of the horizon, respectively. Hence these parameters are related to the geometry of the black hole horizon. Moreover, the temperature, the entropy and the mass of the black hole were found to satisfy the first law of thermodynamics [3] .
All these prompted physicists to search for a possible connection between black hole thermodynamics and the gravitational field equations. Jacobson [4] was the first to derive the Einstein field equations from the proportionality of the black hole entropy and the horizon area together with the fundamental relation δQ = T dS, claiming that this relation is valid for all local Rindler causal horizons through each space time point, with δQ and T as the energy flux and Unruh temperature seen by an accelerated observer just inside the horizon. Subsequently, Hayward [5] derived a unified first law of black-hole dynamics and relativistic thermodynamics in spherically symmetric general relativity. It was Padmanabhan [6] who formulated the first law of thermodynamics on "any" horizon for a general static spherically symmetric space time, starting from the Einstein equations. Thus the equivalence of the laws of thermodynamics with the analogous laws of black hole mechanics on one side and the Einstein equations of the classical theory of gravity on the other side, points toward a strong connection between quantum physics and gravity.
In the same way, on the cosmological scale, the SLT can be implemented by assuming that the universe is a closed system bounded by some horizon, preferably the cosmological apparent horizon. Applying the first law of thermodynamics to the apparent horizon of a Friedmann-Robertson-Walker universe and assuming the Bekenstein entropy at the apparent horizon, Cai and Kim [7] derived the Friedmann equations describing the dynamics of the universe with any spatial curvature. Using the entropy formulae for the static spherically symmetric black hole horizons in Gauss-Bonnet gravity and in Lovelock gravity, they obtained the Friedmann equations in these theories. Paranjpe et al [8] showed that the field equations for the Lanczos-Lovelock action in a spherically symmetric spacetime can also be expressed in the form of the first law of thermodynamics. Akbar and Cai [9] extended the work of Cai and Kim to the cases of scalarâĂŞtensor gravity and f (R) gravity, and subsequently showed that [10] the Friedmann equation of a FRW universe can be rewritten as the first law of thermodynamics at the apparent horizon of the universe and extended their procedure to the Gauss-Bonnet and Lovelock gravity. Cai and Cao [11] showed that the unified first law proposed by Hayward for the outertrapping horizon of a dynamical black hole could be applied to the apparent horizon of the FRW universe for the Einstein theory, Lovelock theory, and the scalar-tensor theories of gravity.
Although the cosmological event horizon does not exist in the big bang model of standard cosmology, but in a general accelerating universe dominated by dark energy, the cosmological event horizon separates out from the apparent horizon. In this context, considering the physically relevant part of the Universe to be bounded by the dynamical apparent horizon, Wang et al [12] have shown that although both the first and the second laws of thermodynamics are satisfied in such a case, but if the boundary of the Universe is considered to be the cosmological event horizon, then both these laws break down at the event horizon, if the usual definition of temperature and entropy as in the apparent horizon is extended to the cosmological event horizon. According to them, the first law may apply only to variations between nearby states of local thermodynamic equilibrium whereas the event horizon reflects the global properties of spacetime. The conditions of validity of the GSLT in the phantom-dominated era of the flat FRW universe, was examined by Sadjadi [13] .
Considering a homogeneous and isotropic universe, filled with perfect fluid having an arbitrary equation of state, Mazumder and Chakraborty [14, 15] have shown the validity of the GSLT of the universe with the event horizon as the boundary assuming the first law of thermodynamics, with some restrictions on the matter. Izquierdo and Pavon [16] explored the thermodynamics of dark energy by assuming the existence of the observer's event horizon in accelerated universes. They found that except for the initial stage of Chaplygin gas dominated expansion, the GSLT is valid in all such cases. Jamil et al [17] investigated the validity of the GSLT in the cosmological scenario where dark energy interacts with both dark matter and radiation. They calculated separately the entropy variation for each fluid component and for the apparent horizon, and showed that the GSLT is always and generally valid, independently of the specific form of the equation-of-state parameters of the fluids and of the background geometry. The validity of the second law in an expanding Godel-type universe filled with generalized Chaplygin gas interacting with cold dark matter has also been examined [18] . Sharif and Saleem [19] examined the validity of the GSLT in the presence of non-interacting magnetic field and new modified Chaplygin gas with FRW universe. Tian and Booth [20] restudied the thermodynamics of the Universe by requiring its compatibility with the holographic type gravitational equations which govern the dynamics of both the cosmological apparent horizon and the entire Universe. They proposed possible solutions to the existing problems regarding the temperature of apparent horizon and the evolution of cosmic entropy.
It is therefore evident that although the apparent horizon is physically much more relevant to work with in a dynamical situation, but the event horizon has also its own importance. As we know that in a dynamically evolving universe or a black hole, both of these horizons are present, so it is justified to check for the validity of the generalized second law of thermodynamics (GSLT) on these horizons for a universe filled with various types of matter and/or energy, which in our case of study is a fluid like the Chaplygin gas. The plan of our work is as follows: in Section II we present a brief mention of the various Chaplygin gas models which we have analyzed in this paper. This is followed by a general prescription of the theory of gravitational thermodynamics in Section III. In the next section we analyze the criterion for which the GSLT can be valid on the cosmological event horizon and the cosmological apparent horizon of the universes filled with various types of Chaplygin gases. We follow up with some useful discussions in the penultimate section and end up with the conclusions in section VI.
II. PRELIMINARIES
Two major problems of modern cosmology are those concerning the Dark Energy and the Dark Matter. Dark matter is the invisible mass in the universe or some invisible source of gravity which constitutes approximately 23 percent of the composition of the observable universe. We also know that the universe is accelerating in its current state of expansion, an effect which is attributed to the presence of the Dark Energy (constituting approximately 70 percent of the observable universe). Though there is no clear understanding about what these components are in reality, there are different models for representing their effects. This led to the proposal of various types of exotic fluids as the matter content of the universe. An interesting type of such a fluid is the Chaplygin gas. It is found that some of the Chaplygin gas models can successfully describe all three phases of evolution of the universe, which therefore makes them very useful for cosmological studies. The equation of state for the Chaplygin gas [21] is given by
where B is a positive constant, p is the pressure of the fluid, and ρ is the energy density. The Generalized Chaplygin gas (GCG) [22] , is represented by the equation of state
where α is a positive constant lying within the range 0 ≤ α ≤ 1. For the Modified Chaplygin gas (MCG) model [23] , the equation of state (EOS) is
where A and B are positive constants. The model which is further generalized is the Variable Modified Chaplygin gas (VMCG) [24] with the EOS
where
is a function of the cosmological scale factor a, B 0 is a positive constant and n is any constant. Advancing further, we have the New Variable Modified Chaplygin gas (NVMCG) [25] with the EOS
are functions of the cosmological scale factor a, A 0 , B 0 , m being positive constants and n is any constant.
Then comes the Generalized Cosmic Chaplygin gas (GCCG) [26] with the EOS
where c = A 1+w − 1, and A can take both positive or negative constant values under the condition −L < w < 0, where L is a positive definite constant which can be larger than unity.
Finally, we have the Modified Cosmic Chaplygin gas (MCCG) with the EOS [27]
where 0 < α ≤ 1, −b < γ < 0 and b = 1. Here the parameter C = Z γ+1 − 1, where Z is an arbitrary constant, and A is a positive constant. In the above EOS, if A → 0, then we arrive at the EOS of GCCG.
III. THERMODYNAMIC ANALYSIS
We know that Friedman equations can be written on a dynamical horizon in the form of the first law of thermodynamics [7, 9] 
where dE H is the energy flowing across the horizon, dS H is the change of horizon entropy because of it, and T H is the horizon temperature. Now we can presume that the first law holds on the cosmological horizons and based on that premise, the GSLT can be introduced in the form
where S T is the total entropy, S H is the horizon entropy and S b is the bulk fluid entropy. Therefore, ultimately the GSLT is the direct extension of the SLT which says that the total entropy of the universe plus the cosmological horizon entropy should always increase.
A. General formalism
Let us assume that the universe is filled with a fluid having energy density ρ and pressure p, bounded by the cosmological horizon. The energy conservation relation is given bẏ
where H is the Hubble parameter. The Einstein field equations for homogeneous, isotropic, flat FRW universe are
Assuming that the first law of thermodynamics holds on the cosmological horizon, we can write
where T H is the temperature of the horizon, dE H is the amount of energy crossing the horizon in time dt, and dS H is the amount of entropy change of the universe due to it. Ifρ is the corresponding rate of change of the energy density of the universe, then we can write
Substituting the above expression in the equation (13) depicting the first law of thermodynamics, we obtain the rate of change of horizon entropy as
We now use the Gibbs equation in the bulk to get the entropy of the fluid bounded by the horizon:
where our underlying assumption is that the bulk temperature is equal to the horizon temperature (T H = T b ), i.e. the bulk and the horizon surface are in thermal equilibrium. Assuming V = 4πR
, and putting it in the Gibbs relation we have
Therefore the rate of change of the fluid entropy is
Summing the rate of change of entropy of the horizon and the bulk fluid, we finally have the rate of change of total entropy as the following:
B. Cosmological apparent horizon
It is known that for a spatially flat FRW universe, the apparent horizon and the Hubble horizon coincides [10] . The area radius of the cosmological apparent horizon is given by
Now for a flat FRW universe, the apparent horizon evolves according to the relatioṅ
Using the above relation in the expression for rate of change of total entropy, we obtain
which is a positive quantity, and hence the generalized second law of gravitational thermodynamics (GSLT) is always valid on the apparent horizon when the bulk fluid and the horizon are in thermal equilibrium.
C. Cosmological event horizon
The proper radius of the event horizon in the FRW universe is
where a(t) is the scale factor of the expanding universe. We know that if the above integral converges, then the universe will have an event horizon, and the equation according to which the cosmological event horizon evolves is given byṘ
Using the above relation in the expression for rate of change of total entropy, we have
IV. GSLT IN VARIOUS CHAPLYGIN GAS MODELS

A. Variable Modified Chaplygin gas (VMCG)
Let us analyze the applicability of GSLT on the cosmological event horizon in the context of the Variable Modified Chaplygin gas (VMCG). The equation of state for VMCG is given by
In this case, the rate of change of total entropy on the cosmological event horizon is given by
Now for the validity of GSLT (i.e.Ṡ T > 0), we need R EH > R AH , which implies that we must have (A + 1)ρ > B ρ α . This finally leads us to the condition
In the above condition (28), we substitute the expression for energy density of VMCG, which is ρ = ρ 0 a n 1+α
. This leads us to the following relation:
Replacing the scale factor a by the redshift z by using the substitution a = 1 z+1 , we obtain
Considering the present day case we put z = 0 in the above relation, and arrive at the limiting condition
The above criterion depicts the condition for the validity of the GSLT on the event horizon of a VMCG dominated FRW universe. Let us assume A = 1/3 , Ω x = 0.7 and α = 0.25 in order to model a cosmologically viable evolution of the universe. This assumption then leads us to the condition
From this relation we can immediately observe how the redshift z depends explicitly on the free parameter n. We also see that when n is zero or positive, the relation is a trivial one, but when n becomes negative (signifying a phantom dominated universe), it prevents the redshift z from attaining the value of −1 (indicating the future of universe), as the left hand side becomes zero but the right hand side is still positive. This indicates that for non-negative values of n, (p + ρ) > 0, and therefore, the above relation is only valid for n ≥ 0. Now putting z = 0 in the criterion (32) and setting A = 1/3, α = 0. 25 and Ω x = 0.7, we get
14. Thus we obtain the condition that n > −2.14 for the chosen values of the parameters for the validity of GSLT in the VMCG filled FRW universe bounded by the event horizon, provided we assume the a priori condition that R EH > R AH . From the cosmological analysis of VMCG in FRW universe by earlier workers, it has been found that for n ≥ 0, the universe is dominated by quintessence or cosmological constant. Therefore the criterion (32) obtained above is consistent with it.
So we can clearly say that for n ≥ 0, the GSLT is valid on the event horizon in a VMCG dominated FRW universe. However, we note here that the model VMCG itself is thermodynamically unstable in this range of n ≥ 0. Thus the acceptable value of n may lie in the range −2.14 < n < 0.
Another condition for the validity of GSLT is R EH < R AH with (p + ρ) < 0. From the second condition quoted beside, we can say that
This relation is not valid for n ≥ 0. It is known that the condition (p + ρ) < 0 represents the case for n < 0 (phantom dominated universe ). The above relation is valid for z = −1 but miserably fails for high values of z. So we can safely say that for n < 0 (i.e. R EH < R AH ), the VMCG dominated FRW universe violates the GSLT on the event horizon. But in this range n < 0, the VMCG model itself is thermodynamically stable [28] .
B. Modified Chaplygin gas (MCG)
Substituting n = 0 in the equation of state for VMCG, we get the equation of state for MCG:
The condition of applicability of GSLT on the event horizon of a MCG dominated FRW universe is then
which is a trivial relation given the equation of state of MCG. Now if we consider z = 0 for our present day, then by putting n = 0 in the relation for n, we get
For the chosen values of the parameters A, α and Ω x mentioned above, we can easily see that the first two terms in the equation of state of MCG are positive, and we know that the third term has to be negative. Therefore we can say that the GSLT is always valid on the event horizon of a MCG dominated universe iff R EH > R AH .
C. Generalized Chaplygin gas (GCG)
The equation of state for GCG is
To consider the case of Generalized Chaplygin gas (GCG), we have to put n = 0 and A = 0 in the viability relation (31) and we obtain
which is again a trivial condition. Moreover, if we put n = 0 and A = 0 in the relation (32) for n, then for the present day value of z = 0, we get
Now we know the first term is always positive in the equation of state of GCG and the second term is always negative. Therefore the above condition is also trivial. Therefore we can say that the GSLT is always valid on the event horizon of a GCG dominated universe iff R EH > R AH .
D. Generalized Cosmic Chaplygin gas (GCCG)
In [29] , Sharif et al analyzed the thermodynamic stability of GCCG. Here we will examine the validity of GSLT on the event horizon of the universe filled with GCCG. The equation of state for the GCCG is given by [26] 
and the expression for the energy density is
where c 1 is an arbitrary integration constant, and N = (1 + α)(1 + w). The rate of change of total entropy in this model obeys GSLT on the cosmological event horizon if R EH > R AH , and (p + ρ) > 0. From the second condition beside, we get
From the above expression we can say that the GSLT is valid in this case if c 1 N > 0. So there are two possibilities: either (i) c 1 > 0 and N > 0, or (ii) c 1 < 0 and N < 0. But we know that (1 + α) > 0, and so when N > 0, it means that −1 < w < 0, and when N < 0, it means that w < −1. But the case N < 0 is not possible since in this case the equation of state parameter has to be greater than −1. Therefore when R EH > R AH , the condition for GSLT to be valid on the event horizon of a universe fillecd with GCCG is c 1 > 0 and −1 < w < 0. The initial conditions have to be chosen in such a manner that we have c 1 > 0.
The other condition for the validity of the GSLT on the event horizon of this universe is R EH < R AH and (p+ρ) < 0, which will then represent the phantom case. In the same way as before, we arrive at the relation
which is only possible when c 1 N < 0. Now we know that in this case, the equation of state parameter is w < −1, which suggests that N < 0. So c 1 must be positive. Therefore when R EH > R AH , the GSLT is valid when c 1 > 0 and −1 < w < 0, and when R EH < R AH , the conditions are c 1 > 0 and w < −1. So, if we choose the boundary conditions in such a way that c 1 > 0, then the GCCG dominated FRW universe obeys GSLT on the event horizon.
E. Modified Cosmic Chaplygin gas(MCCG)
The equation of state for the Modified Cosmic Chaplygin gas (MCCG) is given by
where 0 < α ≤ 1, −b < γ < 0, and b = 1. In the above expression, C = Z γ+1 − 1, where Z is an arbitrary constant, and A is a positive constant. If A → 0, then we arrive at the EOS of GCCG from the above EOS.
Using thermodynamic identity and binomial approximation, we obtain the approximate form of energy density as [30] :
Here d is the constant of integration obtained during the calculation of energy density. Now from the EOS of MCCG, we conclude that (ρ α+1 − C) > 0, which then leads us to the condition
When C > 0, we get Z > (γ + 1). In this case, if −1 < γ < 0, i.e. Z > 0, then ρ α+1 must be greater in magnitude than some positive constant, but if γ < −1, nothing can be said regarding the value of ρ. Again when C < 0, which means that Z < (γ + 1), so that ρ α+1 is greater than some positive constant if γ < −1 (i.e. Z < 0), but is greater than a negative value if −1 < γ < 0 (i.e. Z < 1).
From the expression of energy density we can say that γ can only take integral values, and so we can discard the −1 < γ < 0 limit. Clearly we can see that if C < 0 and γ < −1 (i.e. Z < 0) we can always have a lower positive bound of ρ. Now we know that the GSLT is always valid on the apparent horizon of a universe and so we will check for the validity of GSLT on the event horizon for MCCG. As in the previous cases, the criterion for this validity is (P + ρ) > 0 when R EH > R AH . Using this inequality we obtain the following relation:
Substituting the expression for energy density and using binomial expansion, we get
and the end result is
The right hand side is definitely a positive quantity if C < 0. Denoting the entire term inside the square brackets by K, we find that K > 0 for C < 0, but for C > 0 nothing can be said about the sign of K. Also from previous analysis of the equation of state of MCCG in cosmology it was found that for negative C and Z < 0, there is a positive lower bound for the energy density, and hence for the condition of validity of GSLT on the event horizon of MCCG we must have
This gives us a positive lower bound for the integration constant d. Therefore we can say that for C < 0 and γ < −1 (or Z < 0), the GSLT is valid on the event horizon of a MCCG dominated FRW universe when we choose our initial conditions in such a way that the integration constant stays above the lower bound V
In this limit of Z < 0, the model MCCG itself is also thermodynamically stable [30] .
F. New Variable Modified Chaplygin gas (NVMCG)
In this section we analyze the the validity of GSLT for the NVMCG model. The equation of state for the New Variable Modified Chaplygin gas (NVMCG) is . Here A 0 , B 0 are positive constants, and 0 ≤ α ≤ 1. We know that the expression for energy density is [25] 
where Γ(x, y) is the upper incomplete gamma function and c 0 is the integration constant. The rate of change of total entropy obeys GSLT on the cosmological event horizon if R EH > R AH , and (p + ρ) > 0. From the second condition we get the following relation
From the above relation we can see that if n > 0 and m > 0 in the limit of large a, then the relation assumes the form ρ α+1 > 0, which can correspond to the 'quintessence' form of dark energy, whereas if n < 0 and m > 0, the relation becomes ρ α+1 > ∞, so that the energy density blows up, which corresponds to the phantom model of dark energy. Now for the GSLT to be valid, the necessary condition is (p + ρ) > 0, which means that the equation of state parameter is w > −1 (which corresponds to the quintessence model). Therefore we can say that in the NVMCG model, the GSLT is valid on the cosmological event horizon if n > 0 and m > 0 along with R EH > R AH .
The other condition for the validity of GSLT on the cosmological event horizon is as usual (p + ρ) < 0, when R EH < R AH . The condition (p + ρ) < 0 can be written as
If we consider the case n > 0 and m > 0 in the large a limit, the above relation becomes ρ α+1 < 0, which is not physically possible. So we can safely discard this case.
Next we consider the range n < 0 and m > 0, which yields the relation ρ α+1 < ∞, which is a perfectly acceptable condition. Substituting the expression for energy density in the above condition we get
From the expression of energy density we can say that m cannot be negative. When m ∼ 0, the NVMCG model asymptotically approaches VMCG model and for small positive m the above condition becomes
that is
which agrees with the general formula in first order terms of δT . Here dS
, is the rate of change of entropy on the cosmological apparent horizon when there is thermal equilibrium.
In the same way if the temperature on the cosmological event horizon and the bulk fluid temperature are not in equilibrium, then we have the rate of change of total entropy as
In this case, for the GSLT to be valid on the cosmological event horizon, the conditions are either (p + ρ) > 0,
(which represents the quintessence dominated universe) or the other possibility is that (p + ρ) < 0,
(the phantom dominated universe).
In the near-equilibrium scenario, the rate of change of total entropy on the cosmological event horizon can be written as
which again agrees with our general formula above. Here again, dS
is the rate of change of entropy on the cosmological event horizon when there is thermal equilibrium.
Therefore in dynamical situations, if we assume that the difference in temperature is not very large, and do perturbative analysis around the horizon temperature, we can always get the equilibrium term in the leading order with some correction terms with higher orders in δT . Hence study of the equilibrium scenario becomes important in this regard.
Therefore we can see that if there is no thermal equilibrium, the validity of GSLT becomes much more conditional on the cosmological horizons. Here also we can do the same analysis as done in our previous section to find out how the free parameters affect these conditions.
VI. CONCLUSIONS
Let us now summarize our complete analysis. In this paper, we have shown that the GSLT is always valid on the cosmological apparent horizon if the bulk fluid and the horizon are in thermal equilibrium. For the cosmological event horizon, the validity of GSLT is always conditional.
• For the VMCG model we have shown that for n > 0, the GSLT is valid on the cosmic event horizon with the automatic condition R EH > R AH . For n < 0, with the condition R EH < R AH , the GSLT is violated on the cosmological event horizon (i.e. phantom dominated VMCG model violates GSLT on the event horizon). Therefore validity of the GSLT on the event horizon favors the quintessence dominated (n > 0) FRW universe in the VMCG model.
• In the MCG dominated FRW universe, the GSLT is always valid on the cosmological event horizon. It is also valid for GCG dominated FRW universe.
• In the case of GCCG dominated FRW universe, the GSLT is valid conditionally on the cosmological event horizon. In the case of R EH > R AH , the equation of state parameter has to be −1 < w < 0, and the integration constant c 1 has to be chosen positive. In the case of R EH < R AH , the parameter should be w < −1, and again the integration constant c 1 has to be positive. So in both the cases, depending on the value of the parameter w and the initial conditions for c 1 to be positive, the validity of GSLT on the cosmological event horizon for the GCCG model can be achieved in a FRW universe.
• In the NVMCG model, the GSLT is valid on the cosmological event horizon for two conditions. One is that if R EH > R AH , then the GSLT is valid for the parameters n > 0 and m > 0. Therefore when R EH > R AH , the validity of GSLT on the cosmological event horizon favors the quintessence dominated FRW universe for the NVMCG model. The second possible condition is obtained for R EH < R AH . In this case we have shown that the only possibility is n < 0 and m > 0 for the validity of the GSLT.
• We also want to point out that the limit on the value of Z for the validity of GSLT on the event horizon of the universe filled with MCCG is consistent with the bound on Z as obtained by Sharif [30] for the thermodynamic stability of MCCG. Both the analysis of [30] and that of ours yield the condition that Z < 0.
Therefore as we know that if we always consider the universe to be bounded by the cosmological apparent horizon, then every fluid model satisfies the GSLT, but if we take the cosmological event horizon as our boundary surface, then it is not so and different models demand different parameter ranges for the validity of GSLT.
